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BORCEA–VOISIN CALABI–YAU THREEFOLDS AND
INVERTIBLE POTENTIALS
MICHELA ARTEBANI, SAMUEL BOISSIE`RE, AND ALESSANDRA SARTI
with an appendix in collaboration with Sara A. Filippini
Abstract. We prove that the Borcea–Voisin mirror pairs of Calabi–Yau three-
folds admit projective birational models that satisfy the Berglund–Hu¨bsch–
Chiodo–Ruan transposition rule. This shows that the two mirror constructions
provide the same mirror pairs, as soon as both can be defined.
1. Introduction
A famous family of Calabi–Yau threefolds ZE,S has been defined by Borcea [4]
and Voisin [18] from the data of an elliptic curve E and a K3 surface S with a non-
symplectic involution σS . The varieties ZE,S are defined as the crepant resolutions
of the quotients E×S〈σE×σS〉 , where σE = − idE . The geometry of ZE,S is described
by a triple (r, a, δ) which is obtained from the lattice-theoretical invariants of the
non-symplectic involution on S. When the surface S varies in the moduli space of
K3 surfaces with a non-symplectic involution, one obtains moduli spaces Zr,a,δ of
Calabi–Yau threefolds indexed by these triples. The mirror phenomenon proved by
Borcea [4] and Voisin [18] consists in the observation that the moduli spaces Zr,a,δ
and Z20−r,a,δ form a mirror pair, in the sense that generic elements Z ∈ Zr,a,δ
and Z ′ ∈ Z20−r,a,δ satisfy important properties expected for mirror Calabi–Yau
varieties, in particular their Hodge diamonds are related by a rotation. The Borcea–
Voisin (BV for short) mirror of ZE,S is constructed by taking the lattice mirror of
the K3 surface S (see Sections 2.1 & 3).
In a completely different setup, Chiodo–Ruan [7] proved a mirror theorem for
Calabi–Yau varieties that are crepant resolutions of certain hypersurfaces in weighted
projective spaces. The construction is very explicit (see Section 2.2): the mirror
of a hypersurface is obtained by using a generalization of the Berglund–Hu¨bsch
transposition rule [3] and results of Krawitz [15]. In the sequel, this construction is
called BHCR mirror.
The goal of this paper is to explain how these two constructions of mirror pairs
are related to each other. The question is a very natural one: assuming that we have
a birational projective model of ZE,S , given as a Calabi–Yau weighted hypersurface
WE,S , is it true that the BHCR mirror of WE,S is birational to the BV mirror of
ZE,S?
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The present paper is the final step of a project that started with our previous
paper [1], where we proved that lattice mirrors of K3 surfaces with a non-symplectic
involution can be obtained by the BHCR construction (see Theorem 2.1). We give
a positive answer to the above question in Theorem 4.10. This requires first to
produce birational projective models of the varieties ZE,S to which the BHCR con-
struction can be applied (see Section 4.1). This follows an original idea of Borcea
but we have to be more precise on the choices of the equations: here we make use
of the results in [1], where we provided Delsarte type equations for K3 surfaces
with a non-symplectic involution. Secondly, we have to control the behavior of
the transposed groups that occur in the BHCR construction under these birational
equivalences, this is the main technical point (see Section 4.2). Finally, we answer
a more general version of the initial question by considering quotients (see Sec-
tion 4.3). The Appendix in collaboration with Sara A. Filippini describes BHCR
mirror pairs for elliptic curves.
2. Preliminary results
2.1. Lattice mirror symmetry for K3 surfaces. Non-symplectic involutions on
K3 surfaces have been classified by Nikulin [16], we briefly recall the main results.
Let S be a complex projective K3 surface with a non-symplectic involution σ. We
denote by σ∗ its action on the cohomology lattice H2(S,Z) and we consider the
invariant sublattice
L(σ) := {x ∈ H2(S,Z) |σ∗(x) = x}.
The lattice L(σ) is 2-elementary, i.e. its discriminant group L(σ)∨/L(σ) is isomor-
phic to (Z/2Z)
⊕a
for some non-negative integer a and L(σ) is uniquely determined
up to isometry by the triple (r, a, δ), where r is the rank of L(σ) and δ ∈ {0, 1} is
zero if and only if x2 ∈ Z for any x ∈ L(σ)∨. In the sequel we denote this lattice
by L(r, a, δ). If (r, a, δ) /∈ {(10, 8, 0), (10, 10, 0)} then the fixed locus of σ in S is a
union of smooth disjoint curves Cg ∪ E1 ∪ · · · ∪ Ek, where Cg is a curve of genus
g ≥ 0, the curves Ei are rational and we have (see [16, Theorem 4.2.2]):
2g = 22− r − a, 2k = r − a.
We now recall the construction of a mirror symmetry for moduli spaces of K3 sur-
faces with a non-symplectic involution, following works of Dolgachev and Nikulin [12,
17, 11], Voisin [18] and Borcea [4]. Let LK3 := U
3⊕E28 be the K3 lattice. Consider
a primitive sublattice M of LK3 of signature (1, r − 1) with 1 ≤ r ≤ 19. An M -
polarized K3 surface is a pair (S, j), where S is a K3 surface and j : M →֒ Pic(S) is a
primitive lattice embedding. By taking periods one can define a coarse moduli space
KM for M -polarized K3 surfaces (see [11]) which is an irreducible quasi-projective
variety of dimension 20 − r. By construction the Picard lattice of a generic K3
surface in KM is isomorphic to M . Assume that the orthogonal complement M
⊥
of M in LK3 has a decomposition
(1) M⊥ ∼= U ⊕M ′.
Identifying M ′ with its image via this isomorphism, we obtain a primitive embed-
ding of M ′ in the K3 lattice, so that we can consider the moduli space KM ′ as
before. The following conditions hold for S generic in KM and S
′ generic in KM ′ :
dim(KM ′ ) = rkPic(S) = r, dim(KM ) = rkPic(S
′) = 20− r.
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By exchanging the roles of M and M ′ we get a duality between moduli spaces of
lattice polarized K3 surfaces, which will be called lattice mirror symmetry, where
the dimension of the moduli space and the rank of the Picard group are exchanged
(more evidence is given in [11]). In the special case where M = L(r, a, δ) we have
the following result:
Theorem 2.1. [18, Theorem 2.5,§2.3] If (r, a, δ) 6= (14, 6, 0) and r + a ≤ 20 then
condition (1) holds for the lattice L(r, a, δ) and we have L(r, a, δ)′ ∼= L(20− r, a, δ).
Moreover, the generic K3 surface in KL(r,a,δ) admits a non-symplectic involution
whose invariant lattice is isometric to L(r, a, δ).
2.2. The Berglund–Hu¨bsch–Chiodo–Ruan mirror orbifolds. We recall a
mirror construction of Chiodo–Ruan [7] based on the Berglund–Hu¨bsch transposi-
tion rule [3] for hypersurfaces in weighted projective spaces and important results
of Krawitz [15].
Let W be a polynomial of Delsarte type, i.e. having n monomials in n variables.
Up to rescaling its variables we can assume that the coefficients of W are all equal
to one, so that W is characterized by its matrix of exponents A = (aij):
W (x1, . . . , xn) =
n∑
i=1
n∏
j=1
x
aij
j .
Denoting by 1 the column vector with all entries equal to one we define the weights
sequence w := (w1, . . . , wn) as the smallest integer positive multiple of the charges
sequence q := A−11. Putting w = dq, W is a w-weighted homogeneous polynomial
of degree d. We make the following assumptions: the matrix A is invertible over
Q, w is normalized (i.e. gcd(w1, . . . , ŵi, . . . , wn) = 1 for all i), W is non-degenerate
(i.e. the affine cone defined by W in Cn is smooth outside the origin), and the
Calabi–Yau condition
n∑
i=1
wi = d is satisfied. Under these conditions the zero set
XW of W defines a (singular) Calabi–Yau variety in the weighted projective space
P(w) := P(w1, . . . , wn) (see for example [8, Lemma 1.11] and [1, §2]).
Let Aut(W ) be the group of linear automorphisms of Cn which are diagonal
in the coordinates (xi)i=1,...,n and which leave W invariant. Let SL(W ) be the
subgroup of Aut(W ) containing the automorphisms of determinant one and JW
be the subgroup of SL(W ) which acts trivially on P(w). The group JW is cyclic,
generated by jW := diag ((exp(2iπqj))j=1,...,n), where q = (q1, . . . , qn). For any
subgroup G ⊂ SL(W ) we put G˜ := G/JW . Since the action of G˜ is trivial on
the volume form (see [1, Proposition 2.3]), the quotient XW /G˜ is a Calabi–Yau
orbifold. The group Aut(W ) can be identified with the group A−1Zn/Zn via the
map
v = (v1, . . . , vn) ∈ A
−1Zn/Zn 7→ diag ((exp(2iπvj))j=1,...,n) ∈ Aut(W ).
Under this identification q corresponds to jW and v ∈ SL(W ) if and only if
n∑
i=1
vi ∈ Z. We thus identify the group S˜L(W ) with the quotient{
v ∈ A−1Zn/Zn
∣∣∣ n∑
i=1
vi ∈ Z
}/
〈q〉.
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Let W⊤ be the polynomial whose matrix of exponents is the transposed matrix
A⊤. It defines in a similar manner a Calabi–Yau variety XW⊤ in the weighted pro-
jective space P(w)⊤ := P(w⊤1 , . . . , w
⊤
n ) where w
⊤ is the smallest positive multiple
of q⊤ := (A⊤)−11 with integer entries. There is a well-defined bilinear form
S˜L(W⊤)× S˜L(W )→ Q/Z, (u, v) 7→ u⊤Av.
Given a subgroup G˜ ⊂ S˜L(W ), its transposed group G˜⊤ is defined as the orthogonal
complement of G˜ with respect to this bilinear form:
G˜⊤ := {u ∈ S˜L(W⊤) |u⊤Av = 0 ∀v ∈ G˜}.
The original definition of the transposed group is due to Krawitz [15] and has
been reinterpreted by many authors, we refer to [1] for a discussion of equivalent
definitions. By [1, Corollary 3.7] we have
| SL(W )| =
| det(A)|
deg(W⊤)
, |S˜L(W )| =
| det(A)|
deg(W ) deg(W⊤)
.
The pair
(
XW /G˜,XW⊤/G˜
⊤
)
is called a BHCR mirror pair in virtue of the
following result.
Theorem 2.2. [7, Theorem 2] The Calabi–Yau orbifolds [XW /G˜] and [XW⊤/G˜
⊤]
satisfy
Hp,qorb
(
[XW /G˜],C
)
∼= H
n−2−p,q
orb
(
[XW⊤/G˜
⊤],C
)
∀p, q,
where Horb(−,C) stands for the orbifold cohomology of Chen and Ruan.
The theorem is trivial when n = 3 (elliptic curves) or n = 4 (K3 surfaces). We
recall some results concerning the properties of the transposition rule in these two
situations. Assume that the polynomial W takes the form:
W = x20 + f(x1, x2).
We denote by E := XW the elliptic curve defined by W in P(w0, w1, w2), it admits
an involution induced by x0 7→ −x0. By results of the Appendix we have:
Lemma 2.3. Under the above assumptions, we have E/S˜L(W ) ∼= E.
Assume now that the polynomial W takes the form:
W = y20 + g(y1, y2, y3).
The minimal resolutions of XW /G˜ and XW⊤/G˜
⊤ are K3 surfaces, that we denote
by SG and S
⊤
G⊤ , which admit a non-symplectic involution induced by y0 7→ −y0.
Theorem 2.4. [1, Theorem 1.1] Under the above assumptions, the K3 surfaces SG
and S⊤G⊤ belong to lattice mirror families KL(r,a,δ) and KL(20−r,a,δ).
We refer to [1] for a complete classification of these K3 surfaces together with
the corresponding values of the triple (r, a, δ).
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3. Borcea–Voisin mirror threefolds
Let E be an elliptic curve and S be a K3 surface carrying non-symplectic auto-
morphisms of orderm denoted σE and σS respectively. Denoting by ωE a generator
of H1,0(E) and by ωS a generator of H
2,0(S) we assume that the automorphisms
act as follows:
σ∗E(ωE) = ζ
m−1
m ωE , σ
∗
S(ωS) = ζmωS ,
where ζm is a primitive m-th root of the unity. Clearly m ∈ {2, 3, 4, 6}. Consider
the quotient
YE,S := (E × S) /〈σE × σS〉.
By a result of Bridgeland–King–Reid [5, Theorem 1.2] the variety YE,S admits a
crepant resolution of singularities. Moreover its Hodge numbers do not depend on
the chosen resolution (see [2, 19]). The following result has been first proved in the
case m = 2 independently by Borcea [4] and Voisin [18] and has been generalized
for m > 2 by Cattaneo–Garbagnati [6].
Theorem 3.1. Any crepant resolution of singularities ZE,S of YE,S is a Calabi–
Yau manifold whose Hodge numbers depend only on the topological properties of the
fixed loci of σiS , i = 1, . . . ,m− 1.
In the sequel we consider the case m = 2. We denote by Zr,a,δ the family of
Borcea–Voisin Calabi–Yau threefolds of type ZE,S for S ∈ KL(r,a,δ). The notation
does not take care of the elliptic curve: there is no comment on this choice in
Borcea’s work [4], whereas Voisin [18] gives more details. Our main result (see
Section 4.3) makes necessary an explicit choice of the elliptic curve.
For any Z ∈ Zr,a,δ we have (see for instance [4, 18]):
h1,1(Z) = 5 + 3r − 2a, h2,1(Z) = 65− 3r − 2a.
From this computation we see that lattice mirror symmetry for K3 surfaces nat-
urally implies a mirror symmetry for Borcea–Voisin Calabi–Yau threefolds. If the
triple (r, a, δ) satisfies the conditions of Theorem 2.1, generic elements Z ∈ Zr,a,δ
and Z ′ ∈ Z20−r,a,δ satisfy:
h1,1(Z) = h2,1(Z ′), h1,1(Z ′) = h2,1(Z).
Deepest motivations supporting the fact that the families Zr,a,δ and Z20−r,a,δ are
mirror symmetric have been given in [18] or [9, §4.4.2]. In the next section we
provide further evidence for this, showing that the Borcea–Voisin mirror Calabi–
Yau threefolds can be obtained using the BHCR transposition rule.
4. BHCR mirrors of Borcea–Voisin threefolds
4.1. Birational projective models. In order to relate the Borcea–Voisin three-
folds ZE,S to the BHCR setup, we need to provide birational models for the quo-
tient varieties YE,S as hypersurfaces in weighted projective spaces given by Delsarte
type polynomials. For this we introduce the so-called twist maps already used by
Borcea [4] (but the equations obtained there were not of Delsarte type) and fur-
ther studied in [13, 14]. Consider two hypersurfaces in weighted projective spaces
defined as follows:
X1 := {x
ℓ
0 + f(x1, . . . , xm) = 0} ⊂ P(u0, u),
X2 := {y
ℓ
0 + g(y1, . . . , yn) = 0} ⊂ P(v0, v),
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where ℓ ≥ 2, u = (u1, . . . , um) and v = (v1, . . . , vn). We assume that gcd(u0, v0) = 1.
Let s0, t0 ∈ Z be such that 0 ≤ s0 < v0, 0 ≤ t0 < u0 and
s0u0 + 1 ≡ 0 mod v0, t0v0 + 1 ≡ 0 mod u0.
We put s := (s0u0+1)/v0 and t := (t0v0+1)/u0. The twist map associated to this
data is the rational map
Φ: P(u0, u)× P(v0, v) 99K P(v0u, u0v)
defined by:
Φ((x0, x), (y0, y)) =
(
(xs00 y
t
0)
u1x1, . . . , (x
s0
0 y
t
0)
umxm, (x
s
0y
t0
0 )
v1y1, . . . , (x
s
0y
t0
0 )
vnyn
)
.
Remark 4.1. From this expression it is clear that Φ is rational. By multiplying
the coordinates by x
− s
u0
0 y
−
t0
u0
0 ∈ C
∗ the map Φ takes the more natural form:
Φ((x0, x), (y0, y)) =
((
y0
x0
)u1
u0
x1, . . . ,
(
y0
x0
)um
u0
xm, y1, . . . , yn
)
.
We still denote by (x, y) := (x1, . . . , xm, y1, . . . , yn) the coordinates in P(v0u, u0v).
Consider the restriction map Φ|X1×X2 : X1×X2 99K P(v0u, u0v). The closure of its
image is clearly the irreducible hypersurface
X := {f(x)− g(y) = 0} ⊂ P(v0u, u0v).
Observe that, since gcd(u0, v0) = 1, the weighted projective space P(v0u, u0v) is
normalized. Denote by µℓ the cyclic group of ℓ-th roots of the unity. The following
result is clear:
Proposition 4.2. The dominant rational map Φ|X1×X2 : X1 ×X2 99K X has de-
gree ℓ and induces a birational equivalence between X and the quotient (X1×X2)/µℓ,
where the cyclic group µℓ acts by
γ · ((x0, x), (y0, y)) = ((γx0, x), (γy0, y)) ∀γ ∈ µℓ.
Lemma 4.3. Assume that X1 ⊂ P(u0, u) and X2 ⊂ P(v0, v) are non-degenerate
Calabi–Yau varieties and that m+n ≥ 5. Then X ⊂ P(v0u, u0v) is non-degenerate
and it is a Calabi–Yau variety if and only if ℓ = 2.
Proof. The assertion about the non-degeneracy is clear. By [10, Proposition 6] X
is also well-formed. Thus by [8, Lemma 1.11] X is a Calabi–Yau variety if and only
if satisfies the Calabi–Yau condition. Since X1 and X2 are Calabi–Yau varieties,
then (ℓ − 1)u0 = u1 + · · ·+ um and (ℓ − 1)v0 = v1 + · · ·+ vn. Since X has degree
u0v0ℓ, the variety X is Calabi–Yau if and only if the following condition holds:
u0v0ℓ = v0
m∑
i=1
ui + u0
n∑
i=1
vi = 2u0v0(ℓ − 1),
which implies ℓ = 2. This also follows from the fact that the action of the group µℓ
on X1 ×X2 is non-symplectic except if ℓ = 2. 
In the particular case of Borcea–Voisin threefolds we deduce the following bira-
tional models, already given by Borcea [4].
Proposition 4.4. Let E := {x20 + f(x1, x2) = 0} ⊂ P(u0, u1, u2) be an elliptic
curve and S := {y20 + g(y1, y2, y3) = 0} ⊂ P(v0, v1, v2, v3) be a K3 surface.
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(1) If (u0, u1, u2) = (2, 1, 1) and v0 is odd, then YE,S is birational to the hyper-
surface
{f(x)− g(y) = 0} ⊂ P(v0, v0, 2v1, 2v2, 2v3).
(2) If (u0, u1, u2) = (3, 2, 1) and v0 is not divisible by 3, then YE,S is birational
to the hypersurface
{f(x)− g(y) = 0} ⊂ P(2v0, v0, 3v1, 3v2, 3v3).
Remark 4.5. Note that if v0 is divisible by 6 this construction does not provide
birational projective models, in fact the twist map is not well defined.
4.2. Behavior of the transposed groups. Let us recall the notation. We con-
sider an elliptic curve E given by an equation of type
WE := x
2
0 + f(x1, x2) ⊂ P(u0, u1, u2)
and a K3 surface S given by an equation of type
WS := y
2
0 + g(y1, y2, y3) ⊂ P(v0, v1, v2, v3).
Assuming that gcd(u0, v0) = 1, we consider the birational model for the Borcea–
Voisin Calabi-Yau threefold YE,S ⊂ P(v0u, u0v) given by the equation
WE,S := f(x1, x2)− g(y1, y2, y3).
We further assume that the polynomials WE and WS are of Delsarte type, non-
degenerate, defined by invertible matrices, and that they define E and S in normal-
ized weighted projective spaces. It is easy to check that under these assumptions
the polynomial WE,S satisfies the same properties.
We denote by AE the matrix of exponents of WE and by AˆE its submatrix
obtained deleting the first row and column. We define similarly AS and AˆS . Clearly
the matrix of exponents of WE,S is AE,S = diag
(
AˆE , AˆS
)
.
We denote by E⊤ the elliptic curve defined by the transposed polynomialW⊤E in
the weighted projective space P(u0, u)
⊤ = P(u⊤0 , u
⊤). We denote similarly by S⊤
the (singular) K3 surface defined by W⊤S in P(v
⊤
0 , v
⊤).
Lemma 4.6. If gcd(u⊤0 , v
⊤
0 ) = 1, then WE⊤,S⊤ = W
⊤
E,S and this equation defines
a hypersurface in the weigthed projective space P(v0u, u0v)
⊤ = P(v⊤0 u
⊤, u⊤0 v
⊤).
Proof. Since A⊤E,S = diag(Aˆ
⊤
E , Aˆ
⊤
S ) we have WE⊤,S⊤ = W
⊤
E,S . The charges of
WE⊤,S⊤ are by definition
q⊤ := (A⊤E,S)
−11 =
(
(Aˆ⊤E)
−11
(Aˆ⊤S )
−11
)
.
The degree dE⊤ = 2u
⊤
0 of E
⊤ satisfies dE⊤(Aˆ
⊤
E)
−11 = u⊤ and the degree dS⊤ = 2v
⊤
0
of S⊤ satisfies dS⊤(Aˆ
⊤
S )
−11 = v⊤, hence
q⊤ =
1
2
(
(u⊤0 )
−1u⊤
(v⊤0 )
−1v⊤
)
.
Since gcd(u⊤0 , v
⊤
0 ) = 1, the smallest integer multiple of q
⊤ is
(2u⊤0 v
⊤
0 )q
⊤ =
(
v⊤0 u
⊤
u⊤0 v
⊤
)
,
hence WE⊤,S⊤ has degree 2u
⊤
0 v
⊤
0 and the transposed weights satisfy (v0u, u0v)
⊤ =
(v⊤0 u
⊤, u⊤0 v
⊤). 
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Lemma 4.7. Under the above assumptions, there is an isomorphism
θ˜ : S˜L(WE,S) −→ S˜L(WE)× S˜L(WS).
Proof. As above we identify an element of Aut(−) with the vector of its diago-
nal entries. Let SL±1(WE,S) be the subgroup of SL(WE,S) consisting of elements
(α, β) := (α1, α2, β1, β2, β3) such that α1α2 = β1β2β3 = ±1. Let α0 = ±1 be such
that α0α1α2 = 1. Clearly α˜ := (α0, α) ∈ SL(WE). Denoting similarly β˜ ∈ SL(WS)
we get an exact sequence
1 // SL±1(WE,S)
ι // SL(WE)× SL(WS)
π // {±1},
where ι(α, β) = (α˜, β˜) and π(γ, δ) = γ0δ0, with γ = (γi)i=0,1,2 ∈ SL(WE) and
δ = (δi)i=0,1,2,3 ∈ SL(WS). Since E has degree 2u0, its first charge is
1
2 , so the
element jE has first coordinate −1, and similarly for S. This implies that the map π
is surjective. Using the results recalled in Section 2.2 and Lemma 4.6 we deduce:
| SL±1(WE,S)| =
| SL(WE)| · | SL(WS)|
2
=
| det(AˆE) det(AˆS)|
2u⊤0 v
⊤
0
=
| det(A)|
deg(W⊤E,S)
= | SL(WE,S)|.
It follows that SL±1(WE,S) = SL(WE,S). Since gcd(u0, v0) = 1, either u0 or v0 is
odd. The map s : {±1} → SL(WE) × SL(WS) defined by s(−1) = (j
u0
E , id) if u0 is
odd, or by s(−1) = (id, jv0S ) if v0 is odd, is a section of π. It induces an isomorphism
ψ : SL(WE,S)× {±1} → SL(WE)× SL(WS), ((α, β),−1) 7→ ι(α, β) · s(−1).
The generator j = (j1, j2) of JWE,S is such that ˜1 = jE and ˜2 = jS , hence
ψ
(
JWE,S × {±1}
)
= JWE × JWS (the inclusion is clear and the groups have the
same order). We thus get an isomorphism
θ˜ : S˜L(WE,S)→ S˜L(WE)× S˜L(WS).

Remark 4.8. Since jE and jS have determinant 1 and first entry equal to −1,
both j1 and j2 have determinant equal to −1. By multiplying by j, we can thus
assume that any class [(α, β)] ∈ S˜L(WE,S) has a representative (α, β) such that
α1α2 = β1β2β3 = 1. With these choices the map θ˜ is given by:
θ˜[(α, β)] = ([(1, α)], [(1, β)]) .
Assuming that gcd(u⊤0 , v
⊤
0 ) = 1, we denote by
θ˜⊤ : S˜L(W⊤E,S)→ S˜L(W
⊤
E )× S˜L(W
⊤
S )
the map defined similarly as θ˜ at the level of the transposed potentials. For any
subgroups GE ⊂ S˜L(WE) and GS ⊂ S˜L(WS), we define
GE,S := θ˜
−1(GE ×GS).
Lemma 4.9. Under the above assumptions we have θ˜⊤(G⊤E,S) = G
⊤
E ×G
⊤
S .
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Proof. Using the results of Section 2.2, we identify S˜L(WE,S) with the subgroup of
the quotient of A−1E,SZ
5/Z5 by 〈q〉 consisting of those vectors u such that
∑
i ui ∈ Z.
We do a similar identification for the groups S˜L(WE), S˜L(WS) and the correspond-
ing groups for the transposed polynomials. With these identifications we have
G⊤E,S = {u ∈ S˜L(W
⊤
E,S) |u
⊤AE,Sv = 0 ∀v ∈ GE,S}.
By Remark 4.8 any element v ∈ GE,S can be represented as the diagonal join of
two diagonal matrices of determinant one, explicitly v = (γ, δ) and:
θ˜(v) = ((0, γ1, γ2), (0, δ1, δ2, δ3)),
where γ˜ = (0, γ1, γ2) ∈ GE and δ˜ = (0, δ1, δ2, δ3) ∈ GS since GE,S = θ˜
−1(GE×GS).
Thus u = (α, β) ∈ G⊤E,S if and only if α
⊤AˆEγ = 0 and β
⊤AˆSδ = 0, i.e. α˜ ∈ G
⊤
E
and β˜ ∈ G⊤S . This proves the statement. 
4.3. Main result. The main result of this paper is a construction of Borcea–Voisin
mirror pairs by means of the BHCR transposition rule. For this, we start from an
elliptic curve E and a K3 surface S, under the above assumptions, and we consider
subgroups GE ⊂ S˜L(WE) and GS ⊂ S˜L(WS). Denoting GE,S := θ˜
−1(GE × GS),
we know from Lemma 2.3 and Theorem 2.4 that the Borcea–Voisin Calabi–Yau
threefolds
ZE/GE ,SGS and ZE⊤/G⊤E ,S⊤G⊤
S
form a mirror pair. We also know from Theorem 2.2 that the BHCR Calabi–Yau
orbifolds [
XWE,S/GE,S
]
and
[
XW⊤
E,S
/G⊤E,S
]
form a mirror pair.
Theorem 4.10. Under the above assumptions, ZE/GE,SGS is birational to XWE,S/GE,S
and ZE⊤/G⊤
E
,S⊤
G⊤
S
is birational to XW⊤
E,S
/G⊤E,S.
Proof. By assumption E and S are defined by Delsarte type, invertible and non-
degenerate polynomials
E := {x20 + f(x1, x2) = 0} ⊂ P(u0, u), S := {y
2
0 + g(y1, y2, y3) = 0} ⊂ P(v0, v)
inside normalized weighted projective spaces and we assume that gcd(u0, v0) = 1
and gcd(u⊤0 , v
⊤
0 ) = 1. By Propositions 4.2 & 4.4 the twist map induces a birational
map
Φ: YE,S =
E×S
〈σE×σS〉
∼ //❴❴❴ XWE,S .
Using Remarks 4.1 & 4.8 we see that GE ×GS commutes with σE ×σS and that Φ
is equivariant for the action of GE ×GS on the source and of GE,S on the target,
hence it induces a birational equivalence
Φ¯ : (E/GE × S/GS)/〈σE × σS〉 → XWE,S/GE,S.
Recall that SGS denotes the minimal resolution of S/GS (see end of Section 2.2),
which still admits a non-symplectic involution, hence we have birational morphisms
induced by resolutions of singularities:
ZE/GE,SGS → YE/GE ,SGS → (E/GE × S/GS)/〈σE × σS〉.
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This proves the first statement. Similarly, using Lemmas 4.6 & 4.9 we get that the
twist map induces a birational map
(E⊤/G⊤E × S
⊤/G⊤S )/〈σE⊤ × σS⊤〉 → XWE⊤,S⊤/G
⊤
E,S = XW⊤
E,S
/G⊤E,S
and we deduce the second statement. 
Since birational Calabi–Yau threefolds have the same Hodge numbers (see [2]),
the theorem implies that the two mirror constructions studied in this paper (the
construction of Borcea–Voisin and the BHCR mirror construction) provide the same
mirror pairs as soon as both are defined. The situation is represented in the fol-
lowing diagram, where for simplicity we consider only the case GE = GS = {id}.
We denote by Z the crepant resolution of E × S/〈σE × σS〉. Similarly we denote
by Z ′ the crepant resolution of (E⊤/S˜L(W⊤E )× S
⊤/S˜L(W⊤S ))/〈σE⊤ × σS⊤〉.
Z
crepant

oo BV mirror ///o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o Z ′
crepant

E×S
〈σE×σS〉
birational

E⊤/S˜L(W⊤E )×S
⊤/S˜L(W⊤S )
〈σ
E⊤
×σ
S⊤
〉
birational

XWE,S oo
BHCR mirror ///o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o XW
E⊤,S⊤
/S˜L(W⊤E,S)
Example 4.11. Consider the elliptic curve and the K3 surface defined by
E := {x20+x
4
1+x
4
2 = 0} ⊂ P(2, 1, 1), S := {y
2
0+y
5
1y2+y
5
2y3+y
6
3 = 0} ⊂ P(3, 1, 1, 1).
Observe that S is the double cover of P2 branched along a smooth sextic curve
and that the involution σS : y0 7→ −y0 is the covering involution. Since the fixed
locus of σS is a smooth curve of genus 10, the invariants of its fixed lattice are (see
Section 2.1) (r, a, δ) = (1, 1, 1), i.e. S ∈ KL(1,1,1). It follows that ZE,S ∈ Z1,1,1 and
that its Hodge numbers are h1,1 = 6, h2,1 = 60 (see Section 3). By Proposition 4.4
a birational projective model for the Borcea–Voisin Calabi–Yau threefold ZE,S is
XWE,S = {x
4
1 + x
4
2 − y
5
1y2 − y
5
2y3 − y
6
3 = 0} ⊂ P(3, 3, 2, 2, 2).
Clearly E = E⊤ and
S⊤ = {y20 + y
5
1 + y1y
5
2 + y2y
6
3 = 0} ⊂ P(25, 10, 8, 7).
The group S˜L(WE⊤) has order 2 and it is generated by the involution:
ι : (x0, x1, x2) 7→ (−x0, x1,−x2),
while an easy computation shows that S˜L(WS⊤) is trivial. Thus the BHCR mirror
of E is E/〈ι〉 and that of S is S⊤. By Theorem 2.4 we find that the invariants of
the fixed lattice of the involution σS⊤ are (r, a, δ) = (19, 1, 1), i.e. S
⊤ ∈ KL(19,1,1).
Thus ZE/〈ι〉,S⊤ ∈ Z19,1,1 and its Hodge numbers are h
1,1 = 60, h2,1 = 6. The
transposed potential of WE,S is
W⊤E,S = {x
4
1 + x
4
2 − y
5
1 − y1y
5
2 − y2y
6
3 = 0} ⊂ P(25, 25, 20, 16, 14).
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On the other hand, the BHCR mirror of XWE,S is the quotient of XW⊤
E,S
by the
action of the group S˜L(W⊤E,S), which is generated by the involution
ν : (x1, x2, y1, y2, y3) 7→ (ix1,−ix2, y1, y2, y3).
Through the isomorphism θ˜ of Lemma 4.7, the element ν corresponds to (ι, id) since
(−x0, x1,−x2) = (x0, ix1,−ix2) in P(2, 1, 1). As in the proof of Theorem 4.10 we
get that ZE/〈ι〉,S⊤ is birational to XW⊤
E,S
/〈ν〉.
Remark 4.12. Under the above assumptions, taking a subgroup G ⊂ S˜L(WE,S)
such that θ˜(G) is not a direct product, one gets more examples of Calabi–Yau
mirror manifolds. The twist map Φ: YE,S 99K XWE,S is equivariant for the action
of θ˜(G) on the source and of G on the target, hence YE,S/θ˜(G) is birational to
XWE,S/G. By Lemma 4.9 the group θ˜
⊤(G⊤) is not a direct product. By the
theorem of Bridgeland–King–Reid [5, Theorem 1.2], the Nakamura Hilbert scheme
of θ˜(G)×〈σE×σS〉-regular orbits of E×S is a crepant resolution of YE,S/θ˜(G), hence
it is a smooth birational model of the Calabi–Yau orbifold [XWE,S/G]. Applying the
BHCR mirror symmetry we deduce that the Nakamura Hilbert scheme of θ˜⊤(G⊤)×
〈σ⊤E × σ
⊤
S 〉-regular orbits of E
⊤ × S⊤ is a smooth birational model of the mirror
Calabi–Yau orbifold [XW⊤
E,S
/G⊤].
5. Borcea–Voisin families with BHCR models
Looking at the classification of Nikulin [16], one finds 63 families of K3 sur-
faces with a non-symplectic involution that admit a lattice mirror. For any such
family, the Borcea–Voisin mirror construction is defined. Each of these families is
determined by a triple (r, a, δ) and is represented in Figure 1 by either a dot or a
star which does not lie on the right hand side of the triangle and is distinct from
(r, a, δ) = (14, 6, 0). By results of [1] exactly 29 of these families contain Delsarte
type models. In [1] it has been proved that for them the lattice mirror symmetry
for K3 surfaces is equivalent to the BHCR mirror symmetry.
q δ = 1
∗ δ = 0
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
1
2
3
4
5
6
7
8
9
10
11
12
r
a
Figure 1. Triples (r, a, δ) where Borcea–Voisin and BHCR mir-
rors are equivalent
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Looking at the classification tables [1, §7] we find that Theorem 4.10 can be
applied to 25 of these families. In Figure 1 the 25 triples (r, a, δ) are marked with
either a circle (when δ = 1) or a square (when δ = 0). The four bad triples are
(2, 0, 0), (18, 0, 0), (4, 4, 1), (16, 4, 1). In these cases the Delsarte models of the K3
surface S all lie in a weighted projective space P(v0, v1, v2, v3) where 6 divides v0,
thus Proposition 4.4 does not apply.
Appendix: BHCR mirror pairs for elliptic curves
in collaboration with Sara A. Filippini
Using similar techniques as in the paper [1] one can easily find a table of
equations W of elliptic curves E in weighted three dimensional projective spaces
P(w0, w1, w2), that are defined by non-degenerate, invertible potentials. The possi-
ble weights are (1, 1, 1), (2, 1, 1) and (3, 2, 1), so |JW | = 3, 4 and 6 respectively. We
give below the table with the elliptic curves and their BHCR mirrors (the number
of the mirror is given in the parenthesis). The equations marked with a ♣ are those
that we use in the paper.
No. (w0, w1, w2) W | SL(W )| | SL(W )/JW |
(1)1 (1, 1, 1) x30 + x
3
1 + x
3
2 9 3
(7)2 (1, 1, 1) x20x1 + x
2
1x2 + x
3
2 3 1
(3)3 (1, 1, 1) x20x1 + x
2
1x2 + x
2
2x0 3 1
(13)4 (1, 1, 1) x30 + x
2
1x2 + x
3
2 3 1
(5)5 (1, 1, 1) x30 + x
2
1x2 + x
2
2x1 3 1
(6)6 (2, 1, 1) ♣ x20 + x
4
1 + x
4
2 8 2
(2)7 (2, 1, 1) x20 + x0x
2
1 + x1x
3
2 4 1
(12)8 (2, 1, 1) ♣ x20 + x
3
1x2 + x
4
2 4 1
(9)9 (2, 1, 1) x20 + x0x
2
1 + x
4
2 4 1
(10)10 (2, 1, 1) ♣ x20 + x
3
1x2 + x
3
2x1 4 1
(11)11 (3, 2, 1) ♣ x20 + x
3
1 + x
6
2 6 1
(8)12 (3, 2, 1) ♣ x20 + x
3
1 + x1x
4
2 6 1
(4)13 (3, 2, 1) x20 + x0x
3
2 + x
3
1 6 1
Table 1. The BHCR mirror pairs of elliptic curves
In case 1 the group SL(W )/JW is generated by the automorphism
φ : (x0, x1, x2) 7→ (ζ
2x0, ζx1, ζx2)
with ζ a primitive third root of the unity. It is easy to see that the quotient E/〈φ〉
is an elliptic curve with equation of type 5 in the table. Similarly, in case 6, the
group SL(W )/JW is generated by the automorphism
ι : (x0, x1, x2) 7→ (−x0, x1,−x2).
The quotient E/〈ι〉 is an elliptic curve with equation of type 2 in the table. Observe
that in this last case E has a complex multiplication of order four given by
µ : (x0, x1, x2) 7→ (x0, ix1, x2).
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Since µ commutes with ι, it induces complex multiplication of order four on the
quotient E/〈ι〉, that is thus isomorphic to E.
Sara A. Filippini, Institut fu¨r Mathematik Universita¨t Zu¨rich, Winterthur-
erstrasse 190 8057 Zu¨rich, Switzerland, E-mail address: saraangela.filippini@math.uzh.ch
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